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1. An LgQ problem with multiple modes Q

Take the n-dimensional linear dynamic system with multiple modes & € {«q, ..

X,X(k) — Aa(k)xa(k - 1) + B[x(k — 1)M(k— 1) + dﬂ((k)l fOI‘ k — 1, Y T+ 1, xa(o) — xO.
fala (k=D u(k-1))
where A, (k) € R"*", B, (k) € R™*" are given control matrices, and d, (k) € R"

is an exogenous vector of signals.
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Let S(k) € R"™*™ and define the generalized quadratic running-cost functions \
Se(xe ) = 5 [2x] (R)S(R)u(k) + (u(k) — (k) " R(E) (u(k) — (k) ,

fork =1,..., T, as well as the terminal cost

T
(T +1) = %ZOMH £(T+1))" QUK) (xa(T +1) —X(T +1))
5 (T4 1) = 2(T+1))T Qp (T +1) ~%(T+1)),

where ¥ is some given tracking signal, 7 is a desirable controller; and Q Iz Q and
R are symmetric and semi-positive definite known matrices. And thus consider

the generalized quadratic cost function which we intend to minimize:

(% 1 ng xo (k) u(k)) + ¢ (xa(T + 1)) (1.1)

With all these in mind, the situation is as follows... @m Andhuac
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2. Un approccio classico/Une approche classique \\

The problem is to choose suitable open-loop controllers u := (u(

so as to minimize the worst-case scenario of the functional

T
max ng(x,x(k),u(k)) +¢(x(TH+1)) 1 € {al,...,ocN}] , (2.1)

k=0
subject to x4 (k+ 1) = fo(xa(k), u(k)).
To this end, we start by fixing an arbitrary a € {a1, ..., an} and using a classic

technique:

T

o Ja (X, 0) i= ng(xa(k),u(k))—|—gb(x,x(T+1))

k=0

T
| (k1) (falxa(k), u(k)) — xo(k+1))
% { Q\.“‘ Anahl]lac
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T
Jo Grar ) = 3 [gleal0,06)) + 94 (0 o 1), () \
0 Ha (xa (k)1 (6), 6 (K))

T
=3 ) (k+ D)xa(k+1) + @(xa(T + 1))

Let p be an optimization scalar and re-write the original problem (2.1) as:

Minimize p subject to J,(u) < p for all a € {aq, ..., an}.

Which is equivalent to

N
N
Minimize L(u,p, A, 17) :== 170 + Z /\j(]aj(”) —p). ﬁ

j=1
{¢»: Andhuac
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Now, by virtue of Kuhn-Tucker’s Theorem of complementary slackness (s \
for instance [2, Theorem 9.13]), 7 € {0,1}, A > 0, (y#,A) # 0, the vector (u*,p\
that solves this problem is such that

N
S (U (327 ) —07) =0, 22)

j=1
L(u*,p* A n) = np*. (2.3)

Now we present our first result, which gets the multiplier /7 out of the way, and

gives us an important feature of the vector .
N
Proposition 2.1. In the present context, n = 1 and Z Ai=1
j=1
We take advantage of this result and introduce

N
Sy = {AG]RNXl : Ax > 0 such that Z)""Il}' (2.4)
a=1 - "
Q&“Anahuac
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Proof of Proposition 2.1. Assume 1 = 0, then, since [, (xq, 1, Po) < p for all \
{a1, ..., an}, we have that A > 0, and thus, L(u,p,A, 1) = —oc0 as p — +oo, which

yields that there are no values of (1%, p*) such that the minimum is attained.

This is a contradiction. Then, necessarily, 7 = 1.
N

To see that Z Aw = 1, we note that
j=1

N N
Ll A1) =p+ 3 Al (xu,m) = > Ajp
j=1

j=1

N N (2.5)
=p (1 — Z /\j) + Z )L]-],x]. (x,x]., u, l[),xj) .
=1

=1

N
Due to (2.5), we can ensure that Z Aj =1. Indeed:
j=1
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N
Case 1. If Z Aj > 1, then the Lagrangian diverges. That is, L(u,p,A,1) = —cc a

j=1
p — 400, which yields that the minimum does not exist.

N
Case 2. If Z Aj <1, then L(u,p,A,1) = —o0 as p — —oo, which implies that the
j=1
minimum does not exist either.

This completes the result. O

Proposition 2.1 allows us to use (2.2) and (2.3) to assert that the problem at
hand is

N N
Minimize Y Ajf, (x,xj,u, ‘/’a/) , with Y A; = 1. (2.6)
j=1 =1

{¢»: Andhuac
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Now we follow the approach of [3] to use L.S. Pontryagin’s minimum principle

3. An out-of-sight contribution in colors

(see [1]) in our problem.
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e Consider the problem (2.6) with
T
Jog (oot ) = 3 | Hay (3 (), ), (5)) = () (R)
k=0

+1p,}5(0)x,xi(0) — l/J;,;(T + 120, (T+1) + ¢(xo (T + 1)),
Hy (xq(k), u(k), (k) = gi(xa(k), u(k)) + ¢ (k) fa(xa(k), u(k)),

and define the performance index

N
Lixu, A i) ==Y A, (x,x].,u, %j) . (3.1)
j=1

e Characterize (2.6) as:

min max L(x,u, A, ) s.t. u e RTTDXT, (3.2)
*oae{rerNazo, s N, y=1}

e Assume the existence of an optimal controller u* = (u*(k) : k=0,1,..., T),

and let x* be the associated trajectory. "é\;& Andhuac
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e Take ¢ € R to define the perturbations of the controller and the traject
at each stage:

u(k) == u*(k)+epi(k)fork=0,1,..T,
x°(k) = x"(k)+eBa(k) fork=0,1,.. T+1,

where B1(k) and B, (¢) are pairwise linearly independent directions for

k,¢=0,..,T+1.

— Shortest Distance (line)

= Shortest Duration (cyc!

oid)
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e Substitute 1/ and x in (3.1) to obtain: \
L(x%u,A ) : Z/\]a] ( a,LlS,l,Uaj)

-3 [i H, (x@(k»u%k),%(k)) — (k) ()| + ¢;<o>xz,,<o>]

j= k=0

1
N

=3 A [0 (T + D) (T+ 1) — (s (T+ 1))
=1

e Since u* and x* are optimal, we have that

= 0, (3.3)

L(x U, A, )
de e=0

2

d2

L(x%u,A,1,) > 0. (3.4)

e=0

(¢ Andhuac
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Developing (3.3) yields:

0 = %i% [i [Hay (5, (), (k) 9, (k) ) — d (K)x, ()] + a0, (0)

]1 k=0

Z/\[ (T+ 1), (T+1) = 9(x5 (T+ 1))

N T 9 T
- ZZ%(a Ha,( 66, 9, () = 9, (0)) ol

j=1 k=0

+iZA( (k), aj<k>))Tﬁl<k>

j=1 k=0
N ) T

LY 0RO - 1 [%,(Hl)—gqb(xz,.(vwl))} Ba(T 1),
j=1 j=1

o Besides, by (3.4), 2 H,, (x ( (K ),u*(k),%j(k)) <0
(¢ Andhuac
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We have thus proven this discrete-time robust version of Pontryagin-Boltyans \
Gamkrelidze’s principle.

Theorem 3.1. Let u* = (u*(k) : k = 0,...,T) be an optimal control, and let x* be
the associated trajectory. Then, there exist adjoint vectors . (k) fork =0,1,.., T +1;
j=1,..,Nand A > 0 with Z]-Iil Ajtha;(0) = 0 and Z;\Izl Aj =1, such that:

N -
S 0 oot - 2, (0,0 @0, 0)] =0 @)
p ox ]

N -
Y A [% (T+1)— aax¢(x;j(T+1)) = 0 (3.6)

1

v .

ZM( Hzx]( (k) u” (k ),%j(k)>) =0, (3.7)
j=1

ith Aj (Ja; (X5, 4% 0, ) —p*) = 0forj=1,..,N.

v ]( ](xl " ) p) o (4 Andhuac
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4. Robust optimal control for an affine LgQ proble\\

Use (3.5)-(3.7) found in Theorem 3.1 to write the minimax problem (2.6) as

Qu (k) (x(k) —x(k)) + S (k )u(k)“‘AT(k)TA(k‘i‘l)‘i‘TA(k) = 0,
Ry (k) (u(k) —a(k)) + = SI(k)x( )+ B (K)¥A(k+1) = 0,
QM( (T-|—1) (T+1))+‘I’A(T+1) = 0,

where A(k) := dlag [A,xl(k) o, Agy (k)] € RN,
= [B ;r (k), .. (k)] e R"™>N Q) := diag [MQy, ..., ANQy| € RMN*N,
QA( > [Al (k), ., ANQ(K)] € R™NXIN R, (k) := 3~ ¥ A;jR(K),
S, (k) := [Als(k),...,/\NS(k)] e R™mm (k) a(k) € R™,
x(k) := [x, (k), .., x] (k)] € RN, x(k) := [7 (), .., % (k)] € RN
and ¥ (k) := [ml( ) AN (K)] € RN,

eeeee
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Remark 4.1. By virtue of the complementary slackness condition (2.2) referred to \

Theorem 3.1,

Ju; (x;‘zj,u*,%].) =p*forallj=1,.. N.

This is a crucial fact for designing a numerical procedure that finds A.

Remark 4.2. The function L(x,u, A, ) depends only on Lagrange’s multipliers A. In-
deed, by Remark 4.1, if we fix u* and x* in (3.5)-(3.7), then the function L(x*,u*, A, )

turns out to depend only on A. Then,
L(A) :=max{Jay, s Jan)- (4.1)

hence, in order to solve (3.2), we require now to solve a finite dimensional optimization

problem that depends only on one vector parameter:

[ &
arg min (A) @%Angﬂuac
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Theorem 4.3. If the matrix C(k) := I+ B(k)(Ry (k)1 (B(k)) "M(k) is non-sing \
then u*(k+1) = =P, (k+ 1)x(k) —pr(k+ 1) for k = 0,1,..., T + 1 is optimal for
(3.2), where p) (k) € R™ and P, (k) € R™>*"N js g symmetric matrix that solves:

Py(k+1) = (Ry(k+1))"'B(k+1)M, (k + 1)D(k),
palk+1) =a(k+1)
+(Ry(k+1) Bk +1) My (k+1)y(k) + my (k+1) — Q, (k + D)x(k+1)],
with My (k+1) = Qu(k) + (A(k+ 1)) TMA(k+1) (C(k+ 1)) ' Ak +1) for k =
1., T;my(k) = (A(k+1))T (My(k+1)D(k) + my(k+ 1) — Qa(k+ 1)x(k+ 1)),
y(k) = (Ck+1)) "d(k+1) +B(k+1) (Ry (k+ 1)) (B(k+1)) " a(k+1)
—B(k+1)(Ry (k+1)) " B(k+1))" (my(k+1)—Q,(k+ 1)x(k+1))
fork =0,1,.., T, my(T + 1) = 0 and My(T + 1) = Qy. The weighting vector \*

solves the finite-dimensional optimization problem (4.2).

&““ Andhuac
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5. Value iteration for A \

We use a numerical procedure that extends [4, Theorem 21.15]. It projects con-
secutive iterations to the simplex Sy defined in (2.4). Assuming that L(A) >
for all A € Sy (if not, we can use an additive positive constant in (4.1)). To this

end, define

e NSN{WLW)};AOESN,k:o,...,T,

L (AK) +e
EON) = (LaporLuy),
LAY = max LA,
ae{a,..., N}

where 715, {} is the projection of an argument to the simplex Sy, and the new

regularized functional L, is defined as:

- ) .
Le(A) =5 |A|1® + Jo with 6 > 0. @ Anghuac
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